














We obtain a BPS soliton of the M theory vebrane’s equations of motion
representing a supersymmetric self-dual string. The resulting solution is then di-
mensionally reduced and used to obtain 0-brane and (p − 2)-brane solitons on
D-p-branes.
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1. Introduction
In recent years it has become clear that the still rather mysterious M theory
governs many aspects of the lower dimensional string theories. What little is
known of M theory is powerful enough to lead us to new phenomenon in string
theory and indeed new string theories. In particular the M theory vebrane is
strongly believed hold a new kind of self-dual string theory on its worldvolume
[1,2]. This new and somewhat elusive theory has also appeared in other contexts
such as the compactication of type IIB string theory on K3 [3], M(atrix) theory
on T5 [4] and the S-duality of N = 4, D = 4 super-Yang-Mills [3]. Thus one may
hope that a greater understanding of this self-dual string may lead directly to a
greater understanding of duality, string theory and M theory.
In this paper we shall seek a supersymmetric string soliton solution to the M
theory vebrane’s equations of motion [5,6,7]. In [6] a smooth string soliton solution
of the eld equations was found. However the solution obtained there takes all the
scalar elds to be constant and so cannot preserve any supersymmetries, since there
is nothing to cancel o the tensor eld force (this will also be apparent from the
supersymmetry transformation given below). Instead it represents a non-singular
eld conguration around a string, analogous to the Born-Infeld expression for the
electric eld of a charged point particle [6]. In the next section we will solve the
eld equations and Bogomoln’yi conditions, following this in section three we will
dimensionally reduce the string soliton to obtain solitons of the type II D-p-brane
worldvolume theories. In the nal section we will conclude with some comments
on our solutions.
2
2. The Self-Dual String as a Soliton
We use the conventions of [7] with the vebrane embedded in flat eleven di-
mensional Minkowski space. In particular we denote tangent frame indices by
a; b; ::: = 0; 1; 2; :::; 5 and world indices by m;n; ::: = 0; 1; 2; :::; 5 which are related
by the sechsbein E ma . The bosonic worldvolume theory of the M theory vebrane
contains ve scalars Xa
0
, (a0 = 1; :::; 5) and a self-dual tensor habc. Underlined
indices refer to eleven dimensional quantities and a prime indicates the directions
transverse to the vebrane. This theory has six dimensional (2; 0) supersymmetry
and therefore it also possesses the chiral fermions  i , where ; ; ::: = 1; :::; 4 and
i; j; ::: = 1; :::; 4 are Spin(1; 5) and USp(4) indices respectively. Let us look for a
string soliton whose worldsheet lies in the x0; x1 plane and denote the remaining
four transverse coordinates as a0; b0; :::;m0; n0::: = 2; 3; 4; 5. We break the SO(5)
symmetry of the scalars down to SO(4) and take all elds to be independent of x0
and x1. Consider the ansatz
X5 =  ;




with the other components of habc vanishing and the scalars X
1; X2; X3; X4 con-
stant. From the above we may determine the matrix
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(which is not necessarily self-dual). The only non-vanishing components are














which has its own sechsbein e ma = (m
−1) ba E
m
b . Finally we construct the induced
metric on the vebrane
Gmn = abE ma E
n
b








We may now write the purely bosonic eld equations as [7]
Gmnrmrn = 0 ;
GmnrmHnpq = 0 ;
(2:6)
where r is the Levi-Civita connection of the Green-Schwarz metric (2.4). In ad-
dition to (2.6) we must also require that the three form Hmnp is closed.
Before proceeding it is necessary to obtain the supersymmetry transformation
for the fermions  i . To do this we will follow closely the conventions and formal-
ism of [5,7]. In the superembedding approach the superelds naturally have the
superdieomorphism invariance
zM = vM ; (2:7)
where vM is a supervector eld and zM = (xm;) is the superspace coordinate.
To obtain the supersymmetry transformation it is sucient to set vm = 0. We
assume that the vebrane is in static gauge where the xm are identied with the
rst six coordinates of flat eleven dimensional Minkowski space zm. The thirtytwo
dimensional odd coordinates  can be broken into two sixteen component parts
4
 and 0. Half of the worldsheet odd coordinates  are then identied with
half of the spacetime spinors z. Here we have introduced a two step notation
for the spinors indices: in intermediate formulae  and 0 are used but in the
nal six dimensional expressions they are decomposed into the pairs  ! i and
0 ! i when appearing as superscripts and  ! i and 
0 ! i when appear
as subscripts [7]. It should be clear whether we mean  to be sixteen or four
dimensional depending on the absence or presence of i; j; ::: indices respectively.
In addition to the worldvolume superdieomorphism (2.7) there are also flat
eleven dimensional supersymmetry variations  =  to consider. Combining
these two transformations we nd









where E  and E
0
 are the embedding matrices [7]

















In (2.9) the tensor h 
0












and (u  ; u

0 ) forms an element of Spin(1; 10). Now, to ensure that static gauge is
preserved,  = 0 we must set v = −(E−1)  .
?
We may also assume for our
purposes that 
0




= −(E−1)  E
0
 ; (2:11)
and we are left to evaluate (E−1)  and E 
0
 .
? We are assuming here that E  is invertable, which is true at the linearised level.
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We remind the reader here that the matrices γa are not the six dimensional Γ-
matrices [7] but rather their chiral components. However the γa0 can be thought of
the as eleven dimensional Γ matrices in the dimensions transverse to the vebrane.
If we substitute the ansatz (2.1) into 0
j











































Finally it remains to show that the full supersymmetry transformation (2.11) van-























One can now substitute (2.15) into (2.19) to show that

0
= −(E−1)  E
0
 = 0 ; (2:20)
provided that  = E  0 where 

0 satises (2.16).
Let us now return to solving the equations of motion (2.6). Clearly the equation










= 0 : (2:21)








= 0 : (2:22)
Remarkably (2.21) and (2.22) reduce to the same equation, which is itself equivalent
to the equation of motion of . We are now left with only the scalar equation
Gmnrmrn = (1− 4v
2)2m
0n0@m0@n0 = 0 : (2:23)
Therefore we nd the solutions are given by harmonic functions on the flat trans-
verse space R4. For N strings located at xm
0













j x− xi j2
;
(2:24)
where " is the flat volume form on the transverse space, repeated indices are
7
summed over and 0 and Qi are constants. Note that the solution is smooth every-
where except at the centres of the strings. Furthermore the presence of (1− 4v2)2
in (2.23) implies that the equations of motion are satised even at the poles of ,
so that no source terms are required and the solution is truly solitonic. Clearly the
string soliton (2.24) is self-dual even though in general the tensor Hmnp need not













H = Q0 ;
(2:25)
where S31 is the transverse sphere at innity, S
3
1 the unit sphere and ? is the flat
six dimensional Hodge star. To calculate the mass per unit length of this string
one could wrap it around a circle of unit circumference and reinterpret the string
as a 0-brane in ve dimensions. The mass per unit length is then identied with
the mass of the 0-brane. As we will see below this denition leads to an innite
tension, reflecting the innite length of the membrane.
Let us now consider the zero modes of a single string soliton. Given that we
preserve the asymptotic form of the solution, there are four bosonic zero modes
xm
0
0 coming from the location of the centre of the string. It can be seen that there
are no other bosonic zero modes since these would come from non-zero expressions
for h0m0n0 and h1m0n0 and would then break more supersymmetries and ruin the
block diagonal form of m ba which was crucial for solving the eld equations. This
can also be seen from the fact that the solution preserves eight supercharges and
so there is no room for any additional bosonic zero modes in the two dimensional
worldsheet supermultiplet.
The fermionic zero modes are generated by the broken supersymmetries  i
which satisfy





If we call spinors with γ01 =  (γ01 = −) left (right) moving then we clearly
have four left and four right moving fermion zero modes on the string world sheet,
correlated with the eigenvalue of γ5.
At rst sight the above counting appears to miss four bosonic zero modes
coming from the scalars X1; X2; X3; X4. However these scalars do not lead to
additional zero modes since they are xed by their asymptotic values. This is
analogous to the BPS monopole solutions in N = 4, D = 4 super-Yang-Mills
where there are six scalars with an SO(6) symmetry relating them. A given BPS
monopole will choose a particular scalar and break this symmetry down to SO(5).
The monopoles obtained using dierent scalars are to be viewed as distinct, forming
an SO(6) multiplet of monopoles. Similarly, here we obtain a SO(5) multiplet of
self-dual strings.
Thus the string has a (4; 4) supermultiplet of zero modes in agreement with
that found in [2]. However, contrary to our solution, the strings described there
do not carry any charge with respect to the H eld. Therefore the string soliton
found here might represent a D-string in the six dimensional self-dual string theory.
From the M theory point of view the strings obtained here should be interpreted as
the ends of innitely extended membranes. The scalar X5 =  then corresponds
to the direction of the membrane transverse to the vebrane. Clearly the SO(5)
symmetry rotates the choice of this direction.
(2.4)The Self-Dual String as a SolitonSolitons on D-branes(2.4)(2.4)(2.4)
3. Solitons on D-branes
It was shown in [7] that M theory vebrane’s equations of motion can be
double dimensionally reduced to the Dirac-Born-Infeld equations of the type IIA
D-fourbrane. It follows then that the self-dual string soliton constructed here can
also be reduced to a 0-brane or 1-brane solution on the D-fourbrane worldvolume.
By T-duality it follows that all of the type II D-brane worldvolume theories admit
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0-brane and (p−3)-brane solitons preserving half of the supersymmetry, which can
be obtained from the D-fourbrane solutions. Here we shall content ourselves with
the p > 3 branes since the lower dimensional branes do not admit asymptotically
free solutions. In what follows below the background type II supergravity elds
are those of flat Minkowski space and we set all but one of the scalar elds on the
D-p-brane to be constant.
First let us wrap the string around the compact dimension x1 to produce a
0-brane BPS soliton on the D-fourbrane worldvolume with the two-form eld-
strength Fmn = Hmn1 [7]. Note that because of the self-duality condition the
other components Hmnp do not appear in the D-fourbrane’s eective action as an









j x− xi j2
:
(3:1)
We could also dimensionally reduce the self-dual string soliton by compactifying
along x5. In this case we obtain a string soliton in the D-fourbrane worldvolume.









j x− xi j
:
(3:2)
























j x− xi j
:
(3:4)
In the above solutions m0; n0; p0::: refer to the transverse space, which is p dimen-
sional for (3.3) or three dimensional for (3.4). The scalar eld only depends on
the transverse coordinates and " is the flat volume form on the three dimensional
transverse space to the (p − 3)-brane. These solutions preserve half of the world-
volume supersymmetry and in the case of a single soliton carry the electric charge
Q0 (for (3.3)) or magnetic charge Q0 (for (3.4)) with respect to Fmn. These
solutions represent an innitely long string or (p − 2)-brane respectively, strech-
ing out from the D-p-brane along the direction speced by the scalar . As with
the self-dual string this transverse direction is acted on by the SO(9− p) symme-
try which rotates the scalars. These solutions are innitely massive, similar to a
point-like charge in Maxwell’s theory. However this is to be expected given the
interpretion as the end of an innitely long string or (p− 2)-brane.
One can also explicitly verify that these solitons preserve half the worldvolume
supersymmetry at the linearised order by compactifying D = 10 super-Maxwell
theory to p+1 dimensions, viewed as the lowest order approximation to the D-brane
eective action. However our construction from the self-dual string solution shows
that (3.3) and (3.4) are solutions to the non-linear Dirac-Born-Infeld equations of
motion preserving half of the supersymmetry to all orders.
The D-threebrane is a special case and so we shall treat it separately here.
By wrapping the self-dual string on a torus to four dimensions we obtain dyonic
0-brane solitons on the D-threebrane worldvolume. Now x1 and x5 are compact so
that  is depends only on xm
0
= x2; x3; x4. Let us consider new coordinates (u; v)
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with ad − bc = 1. If we dene the two-form eld strength Fmn = Hmnu then we
nd the dyonic solutions
F = aFE + cFM ;




j x− xi j
;
(3:6)











The solution corresponding to a single dyon then has the electric and magnetic
charges
(QE ; QM ) = Q0(a; c) : (3:8)











where A 2 SL(2;Z) and is simply the modular group acting on the torus [8,9].
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(2.4)The Self-Dual String as a SolitonDiscussion(2.4)(2.4)(2.4)
4. Discussion
In this paper we have obtained a self-dual string soliton as a BPS solution of
the M theory vebrane’s equation of motion. Furthermore we showed that the
full non-linear equations of motion and Bogomoln’yi equation were satised to all
orders. We also used the self-dual string soliton to obtain soliton states on type II
D-p-branes for p > 2. Finally we would like to close with some comments.
It is interesting to note that at the linearised level, where we the two metrics
Gmn and gmn are flat and the tensor m ba is the identity, the eld equations (2.6)
become non-interacting. Thus even the theory of a free tensor multiplet contains
a non-trivial BPS soliton in its spectrum. In fact this statement deserves some
qualication since the theory isn’t completely free at the linearised level because
the fermions still interact with the bosons (although the fermions have been set to
zero in the solution). However, this does help to clarify why the analysis of the M
theory vebrane’s BPS states carried out in [2] was so successful, even though it
assumed that one could treat the self-dual string theory as non-interacting.
This unusual situation is what one might expect given the interpretation of
the self-dual string as limit in which a type IIB D-threebrane wrapped around a
2-cycle of K3 becomes light and decouples from gravity [3]. If one considers the
supergravity eld equations for a generic p-brane there are equations for the eld
strength and for a scalar eld, similar to (2.6) (with Gmn = gmn now identied
with the spacetime metric).
?
However, in supergravity what makes these equations
interacting and non-linear is the fact that all these elds couple to the spacetime
metric, even though they don’t couple directly to each other (at least to lowest order
in the supergravity eective action). Thus in a limit where gravity is decoupling
one may expect the lowest order bosonic eld equations to become those of a free
theory.
? The type IIB threebrane (and hence the related six dimensional self-dual string also) is
actually unique in this respect because the dilaton is constant [10].
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While this paper was in the nal stages of completion we recieved a copy of
[11] and learnt of some forthcoming work by G.W. Gibbons which overlaps with
the contents of section three.
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